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U L f I C H  HAUG, TUBINGEN 

With 9 F igures  w i t h i n  t h e  t e x t  

(Wceived on 13 September 1957). 

We have ca l cu la t ed  t h e  connection of t h e  frequency d i s t r i b u t i o n  of t h ?  o r b i t a l  

elements ( l a r g e  semi-axis, excent r io i ty ,  i n c l i n a t i o n )  w i t h  t h e  i n t e r - p l a n e t a r y  d u s t  

dens i ty  and w i t h  t h e  number of p a r t i c l e s  f a l l i n g  upon t h e  ea r th ,  f o r  a r o t a t i o n -  

symmetrical d u s t  o13ud. We have derived for t h e  frequenoy d i s t r i b u t i o n  a model t h a t  

r e p r e s e n t s  t h e  d e n s i t y  d i s t r i b u t i o n  of t h e  dus t  on t h e  b a s i s  of ooserva t ions  of t h e  

zod iaca l  l i g h t .  The d i e t r i b u t i o n  of t he  o r b i t a l  elements i n  t h e  c a s e  of meteors,  

t h a t  i s  t o  be a n t i c i p a t e d  on t h e  bas i s  of t h e  model, has  been compared wi th  t h e  

empir ica l  material. Men we consider the vary ing  o rde r  of magnitude of t h e  r a d i u s  

of zod iaca l  l i g h t  p a r t i c l e s  and of meteors (13-lcm), t h e n  t h e  model w i l l  

be s a t i s f a c t o r y  as  a f i r s t  approximation, p a r t i c u l a r l y  f o r  t h e  d i s t r i b u t i o n  of t h e  

i n c l i n a t i o n  and fo r  t h e  d i s t r i b u t i o n  of t h e  pe r ihe l ion  d i s t ances ,  When we use,  i n  

t h e  case  of massive incidence,  t h e  formula 

W e n  Q i s  t h e  c ross -sec t ion  of t h e  e a r t h  and d i s  t h e  i n t e r p l a n e t a r y  dens i ty  of t h e  

p a r t i c l e s ,  t h e n  it w i l l  f o l l o w  from the model t h a t  the  value of t he  ' "effect ive 

v e l o c i t y  of t he  incidencem, U,ff, w i l l  be i n  u n i t s  of t h e  v e l o c i t y  of t h e  o r b i t  of 

t h e  e a r t h  - equal  t o  0.95. -_ - 

INT MIDUCT I O N  

Up t o  t h i s  t i m e ,  l i t t l e  has  been known as t o  the d i s t r i b u t i o n  f u n c t i o n  o f  t h e  

o r b i t a l  elements of  t h e  dus t -pa r t i c l e s  w i t h i n  t h e  s o l a r  system. Statements r e l a k i n g  



I ' t'o it may be obtained by 

t h e  dus t ;  by way of t h e  

2 
t h r e e  approaches: way of t h e  o r b i t s  of t h e  sources  of 

d i s t r i b u t i o n  of t h e  o r b i t a l  eloments of meteors:  and by way 

of t h e  dens i ty  d i s t r i b u t i o n  of  t h e  dust ,  which - i n  t u r n  - may be found by means 

of observa t ions  of t h e  zodiaoal  l i g h t .  I n  this paper, t h e  last  approach w i l l  be 

considered i n  some d e t a i l ,  s ince  t h e  first two methods have not  y e t  succeeded i n  

providing s u f f i c i e n t  information regarding t h e  problem. 

The comets (F.L. Whipple, 1355) as  w e l l  as t h e  ma l l  p l a n e t s  ( SPiot rowski  1954) 

are  probably capable,  due t o  t h e i r  gradual  decomposition, of rep lao ing  t h e  dus t ,  

t h a t  d i sappears  cont inously from in te r -p lane tary  s p c e  as a r e s u l t  of d i s tu rbances  

and of being gathered up by t h e  sun and t h e  p lane ts .  

one of these groups i s  unknown. In add i t ion ,  t h e  frequency of t h e  o r b i t a l  elements 

i n  t h e  sources  i s  being observed i n  a d i s t o r t e d  manner, due t o  t h e  p r o b a b i l i t y  of 

t h e i r  disoovery.  

have been separated - t o  changes due t o  d i s tu rbances  by p l ane t s ,  due t o  t h e  

Poynting-Robertson e f f e c t ,  and due t o  c o l l i s i o n s  with in t e r -p l ane ta ry  gases.  For 

t h a t  reason,  t h e  r e s u l t s  obtained by t h i s  method a r e  very un re l i ab le .  

But t h e  s h a r e  supplied by each 

F ina l ly ,  t h e  o r b i t s  of t h e  dus t  p a r t i c l e s  are sub jec t - a f t e r  t hey  

By us ing  t h e  c o l l i s i o n  p robab i l i t y  o f  t h e  p a r t i c l e s  w i t h  t h e  p l a n e t s  (E.Oepik, 

1951) it i s  possiDle t o  c a l c u l a t e  t h e  i n t e r p l a n e t a r y  frequency from t h e  frequency 

of t h e  o r b i t a l  elements of t h e  meteors. This was done, f o r  t h e  f i r s t  t i m e ,  f o r  t h e  

o r b i t a l  i n c l i n a t i o n  of a s m a l l  ma te r i a l  of photographic o r b i t s  of meteors, by 

F.L. Vhipple (1954). 

o r b i t s  of meteors w i l l  i n c r e a s e  tremendously, on t h e  basis of two-stat ion observa t ions  

by means of Super-Sohmidt -meteor-cameras and of radar observa t ions  from t h r e e  

s t a t i o n s ,  so that it w i l l  be  poss ib le  t o  use  t h a t  method t o  a g r e a t e r  extent .  

it w i l l  supply d a t a  only for l a r g e r  dust  p a r t i c l e s  (r.  > lo'lcm), and only f o r  

t h o s e  t h a t  c o n t r i b u t e  t o  t h e  dens i ty  w i t h i n  t h e  d i s t a n c e  of t h e  e a r t n  from t h e  sun, 

But, t h e r e  i s  t h e  r i s k  t h a t ,  due t o  t h e  c o l l e c t i o n  of d u s t  on t h e  part of t h e  e a r t h ,  t h e  

d e n s i t y  of the  d i s t r i b u t i o n  may present  a d i s c o n t i n u i t y  a t  t h i s  l o c a t i o n  (E. Oepik, 

1951). 

* th in  the immediate f u t u r e ,  t h e  number of exac t ly  determined 

But ,  

For t h a t  reason, we s h a l l  c a l c u l a t e  - i n  t h e  fo l lowing  inves t iga t ion - the  
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frequency of t h e  or 'oital  elements of the meteors by way of c o n t r o l l i n g  our r e s u l t s ,  

from an  i n t e r p l a n e t a r y  d i s t r i b u t i o n  t h a t  has  been obtained by t h e  t h i r d  one of 

t h e  afore-mentioned methods. 

. 
I 

. 

Zodiaoal l i g h t  observat ions provide U B  w i t h  informat ion  on t h e  dus t  d e n s i t y  

up t o  a s o l a r  d i s t a n c e  of some 1.5A.U. Here, poss ib le  d i s c o n t i n u i t i e s  of' t h e  

dens i ty  near t h e  o r b i t s  of t h e  p l ane t s  p lay  hard ly  any part. This independence of 

t h e  spec ia l  condi t ions  near  t h e  e a r t h  i s  a n  e s s e n t i a l  advantage af t h e  oons idera t ions  

being made here. It i s  t r u e  t h a t  assumptions regarding t h e  s c a t t e r i n g  medium enter 

i n t o  t h e  s o l u t i o n  of t h e  i n t e g r a l  equat ion of t he  dens i ty  on the b a s i s  of t h e  

luminosi ty  of t h e  zodiacal l i g h t .  

1947), t h e  e n t i r e  zodiaca l  l i g h t  had been a sc r ibed  t o  s c a t t e r i n g  dus t  p a r t i c l e s ,  

I n  e a r l i e r  i n v e s t i g a t i o n  ( l a s t  by H. C .  van de Hulst ,  

so that  a slow decrease of t h e  dens i ty  from t h e  sun i n t o  a n  outward d i r e c t i o n  was 

t h e  r e s u l t  obtained. On t h e  o ther  hand, A.  Behr and H. Siedentopf (1953) as w e l l  

as H. Elszsser (1954) exp la in  t h e  measured p o l a r i z a t i o n  of t h e  zodiaoai  l ight  on 

t h e  basis of s c a t t e r i n g  on free e lec t rons ,  The d e n s i t y  share of t h e  dus t  w i l l  t hen  

become smaller, p a r t i c u l a r l y  mar t h e  sun; it f o l l w s  t h a t  t h e  dens i ty  w i t h i n  t h e  

e c l i p t i c , . f r o m  0.6 A.U. o n t i n  a n  outward d i r e c t i o n ,  i s  independent a€ t h e  d i s t a n c e  

from t h e  sun. This l a s t  model of the  a u s t  d e n s i t y  has been used as t h e  b a s i s  of t h e  

f requenqr  d i s t r i b u t i o n  of the o r b i t a l  elements a s  developed i n  t h e  following. 

riy means of p l aus ib l e  assumptions, it i s  poss ib l e  t o  l i m i t  t he  i n v e s t i g a t i o n  

t o  the  d i s t r i b u t i o n  of t h e  l a r g e  semi-axes 8 ,  t h e  e c c e n t r i c i t i e s  e, and t h e  i n -  

c l i n a t i o n s  i. The r e l a t i o n  between the d e n s i t y  d i s t r i b u t i o n  i n  a r o t a t i o n -  

symmetricai dus t  cloud as descr ibed  by two v a r i a b l e s ,  and of t h e  d i s t r i b u t i o n  f u n c t i o n  

of t h e  three o r b i t a l  elements w i l l  be e s t a b l i s h e d  in t h e  f i r s t  part. sugges t ions  

i n  regard  t o  the  method adopted were found i n  t h e  afore-mentioned paper by 

E. Oepik (1915), whose c o l l i s i o n  f o r m u h  w i l l  he re  be,once more t h e  r e s u l t , . b y  means 

of a more general  method on t h e  bas i s  of t h e  d e n s i t y  r e l a t i o n .  The i n d e f i n i t e  

n a t u r e  of t h e  problem - determinat ion of a func t ion  of: t h r e e  v a r i a b l e s  on t h e  b a s i s  

of a func t ion  of two variables - w i l l  beoome evident  i n  t h e  d i s c u s s i o n  of simple 
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.models i n  t h e  second p a r t ,  inasmuch a s  but f e w  s ta tements  can be made a@ t o  the  

d i s t r i b u t i o n  of t h e  e c c e n t r i c i t i e s .  But, it i s  hoped t h a t  t h i s  d e f e a t  may be 

alleviated, t o  some ex ten t ,  by t h e  exaninat ion at' the  d i s t r i b u t i o n  f u n c t i o n  by 

means or' t h e  d a t a  r e l a t i n g  t o  t h e  meteors, as soon as more material i n  t h a t  r e spec t  

h a s  become known t o  us  t h a n  we were  able t o  use i n  t h e  prel iminary oomparison of  t h e  

sec t ions  of t h e  second part. 

I. I n t e g r a l s  f o r  p a r t i c i e  d e n s i t y  and p a r t i c l e  incidence on t h e  ea r th .  

A. Supposition8 

I n  order  t o  reduce t h e  number of t h e  parameters, we s h a l l  r equ i r e  suppos i t ions  

i n  regard t o  t h e  d i s t r i b u t i o n  funa t ion  o f  t he  o r b i t a l  e lements  of t h e  i n t e r p l a n e t a r y  

d u s t  p a r t i o l e s .  For t h e  sake of s impl i c i ty ,  we shal l  oonsider t h e  d i s t r i b u t i o n  

f u n c t i o n  t o  be independent of' t h e  p a r t i c l e  s ize;  it i s  t r u e  t h a t  t h i s  w i l l  be oo r rec t  

only as t o  t h e  f i r s t  approximation, due t o  t h e  s t ronger  e f f e c t  01' a i s tu rbances  on 

small particles. The fo l lowing  equat ions w i l l ,  however, apply a l s o  t o  each p a r t i c l e  

si  z e  s epa ra t e ly  . 
For t h r e e  af t h e  s i x  o r b i t a l  elements, we made c e r t a i n  assumptions of even 

d i s t r i b u t i o n :  1. For a c e r t a i n  form and p o s i t i o n  of' G i i e  o r b i t ,  the number of t he  

p a r t i c l e s  t h a t  are passing through the p e r i h e l i o n  w i t h i n  t h e  unit of t i m e ,  s h a l l  

be cons tan t  (independence of t h e  d i s t r i b u t i o n  func t ion  from t h e  t i m e  Tof the 

p e r i h e l i o n  passage);  2. For a c e r t a i n  form of t h e  o r b i t  and f o r  a c e r t a i n  i n -  

c l i n a t i o n ,  t h e  p a r t i c l e s  sha l l  be d i s t r i b u t e d  evenly over  t h e  poss ib l e  p e r i h e l i o n  

l e n g t h s  0 and over the pO8Sible knot-Lengthsa% . The a s s m p t i o n  regard ing  fl. 
means t h a t  a rotation-symmetrioal densi ty  will be assumed wi th in  the i n t e r p l a n e t a r y  

space ( r o t a t i o n  a x i s  through t h e  sun). The assumption regard ing  k)  means t h a t  the  

p lane  through the  sun, which i s  v e r t i c a l  t o  t h e  axis of r o t a t i o n ,  will have t o  be 

t h e  symmetry plane of the dens i ty  d i s t r i b u t i o n .  When t h i s  p lane  does no t  coincide 

with the ec l ip t ic -accord ing  t o  C. Hoi'rmeister (1940)n t h e  symmetry plane of t h e  

z o d i a c a l  l i g h t  c lose ly  follows t h e  o r b i t s  of the p lane t s  so that it i s  l i k e l y  that 

.- t h e  i n v a r i a b l e  plane of t h e  planetary system can be considered, i n  t h e  f i r s t  



5 . spproximation, a symme%ry plane - t nen  the i n c l i n a t i o n s  i w i l l  have t o  be ca l cu la t ed  

from it. AS t o  the assumption of the length  of t h e  knocs, their  d i s t r i b u t i o n  i n  the 

case af the comets speaks i n  i t s  f avor  ( o f .  J. G. Po r t e r ,  1952, p.43). 

not s u f f i c i e n t  f o r  a p e r f e c t  r e p r e s e n t a t i o n  of r e a l i t y ,  p a r t i c u l a r l y  inasmuch as the  

f a l l i n g  of meteors i s  ooncerned, s ince  according t o  G. S. Hawkins (1956), t h e  frequency 

But, it i s  - 

of t h e  sporadic  meteors show, i n  radar  observat ions,  a pronounced seasonal  movement 

even a f te r  the  e f f e c t  of t h e  apex movement has been set a s i d e  by correc t ions .  

On t h e  basis of the more r ecen t  r e s u l t s  d meteor ic  reasearoh. we shall be a b l e  

t o  l i m i t  ourse lves  t o  e l l i p t i c a l  p a r t i c l e  o r b i t s ;  it w i l l  s u f f i c e  t o  consider the  

o r b i t s  t o  be pure Kepler o r b i t s .  

2. The d i s t r i b u t i o n  f u n c t i o n  of the  o r b i t a l  elements and t h e  dens i ty  

With the a i d  of t h e  suppos i t ions  of t h e  preceding paragraphs, we s h a l l  be a b l e  

t o  c lar i fy  t h e  dens i ty  oon t r ibu t ion  of t h e  p a r t i c l e s  w i t h  t h e  o r b i t a l  olaments a, 

e, and i (abbreviated;  p a r t i c l e s  E,e,g) i n  t h e  fo l lowing  way:  

6, e, i,a,Sl,l i s  time-independent, aocording t o  suppos i t ion  1, but  it i s  n o t  

occupied evenly by p a r t i c l e s .  

The o r b i t  

When we vary tkJ , we s h a l l  r ece ive  a (doubly oooupied) 

c i r o u l a r  r ing ,  w i t h i n  the o r b i t a l  plane. 

we shal l  ob ta in  ( aga in ,  doubly spread)  a space area (one f o u r t h  of t h e  cross  s e c t i o n  

When we varyfl , i n  a d d i t i o n  t o & ,  t h e n  

has  been shaded i n  Fig.  I!) t h a t  is l imi t ed  by two r o t a t i o n  cones and by t w o  partial 

spheres. Exceptions are the o r b i t s  w i t h  e : 0 (degenerat ion of the a rea  i n t o  the 

sur face  of a sphe r i ca l  zone) and i Z 0 (degenera t ion  i n t o  a c i r c u l a r  r ing) .  

l i m i t i n g  cases  w i l l  have t o  be excluded from t h e  de r iva t ion ,  f o r  t h e  t i m e  being. 

These 

Fi6.  1. I l l u s t r a t i o n  of t h e  c a l o u l a t i o n  of t h e  dens i ty  con t r ibu t ion  of t n e  
o r b i t s  ( a, e, i ). 



8 . 
. t h a t  

6 

Now, t h e  f r a c t i o n  ---- d N ( e , z )  

e x i s t s  w i t n i n  a t o r u s  having a l a rge  r a d i u s  of 9 and a small r a d i u s  of d and 

of a l l  p a r t i c l e s  F , e , g w i l l  have t o  be oa lcu la ted  
N 

being loca ted  a t  a d i s t a n c e  z from the  e l l i p t i c  (Fig.  1). 

p , e , i ,  @,nI passes  through f ,z, then  o r b i t s  having a somewhat d i f f e r e n t  pe r i -  

h e l i o n  length  i+rt w i l l  a l s o  i n t e r s e c t  t h e  aforementioned t o r u s .  When w + dr and 

when one o r b i t  of' 

I 

o - d o  a r e  t h e  pe r ihe l ion  lengths  for which the  t o r u s  w i l l  j u s t  be touched, t h e n  

t h e  f r a c t i o n  4 . 2 d w  of a l l  t h e  o r b i t s  & i , e , q w i l l  i n t e r s e c t  t h e  to rus .  A 

f a c t o r  of 4 w i l l  t ake  i n t o  cons idera t ion  t h a t  f o u r  of such i n t e r v a l s  e x i s t  for"OOo522n 

and 0 5 9524,Due t o  t h e  suppos i t ion  1 r e l a t i v e  t o  t h e  p e r i h e l i o n  passages,  the 

f r a c t i o n  of t h e  p a r t i c l e s  E , e , i , @  ,.fLZ. i n  t h e  o r b i t a l  s ec to r  2 x d r  around 

w i l l  be equal  t o  t h e  p r o b a b i l i t y  o f  the l o c a t i o n  of one s i n g l e  p a r t i c l e  i n  t h a t  sec tor .  

m e n  t h e  p a r t i c l e  r e q u i r e s  a t ime of 2 x d t  t o  pass  through t h e  sec to r ,  then  t h i s  

p r o b i l i t y  w i l l  amount t o  2 x dt/T, when T des igna te s  t h e  time of  t h e  r evo lu t ion .  

2rr 1 

The f r a c t i o n  of t h e  p a r t i c l e s  on t h e  neighboring o r b i t s  w i t h i n  t h e  t o r u s  

re la tes  t o  t h o s e  t n r o u g h p ,  z l i k e  the  l eng th  of the  chord t o  t h e  diameter  i n  

t h e  c i r c l e .  we s h a l l  o b t a i n  t h e  mean f r a c t i o n  of t h e  p a r t i c l e s  t h a t  are w i t h i n  t h e  

t o r u s ,  by mult ip ly ing  2 x dt/T by t h e  r a t i o  of t h e  mean l eng th  of the chord and 

of t h e  diameter  i n  the c i r o l e ,  i .e.  w i t h ' n / 4 .  

The value sought i s  the product of t h e  two f r a c t i o n s  ca l cu la t ed ,  hence 

The c a l c u l a t i o n  of d W  and d t  i s  t h e  problem of t h e  fol lowing sec t ions ,  First, 

we s h a l l  have t o  compile a few bas i c  equations.  

A r e p r e s e n t a t i o n  of the o r b i t  r a , e , i , W f  w i t h i n  t h e  p, z-system of' - 
coord ina tes ,  w i t h  the t r u e  anomaly V a s  i t s  parameter, w i l l  f o l luw from t h e  known 

equa t ion  f o r  the r a d i u s  vec tor ,  viz. 

and from t h e  equat ions  
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which may be read from t h e  rec tangular  s p h e r i c a l  t r i a n g l e  of F ig .  2 .  The su r face  

equat i on 
d V  

I / G n i a ( l  - e2) r2  - = 
d t  

and Kepler t s  Third Law 

(4)  

w i l l  apply for  t h e  connection w i t h  t h e  t i m e .  

U n i t  ( A . U . )  w i l l  be used i n  t h e  fol lowing as u n i t ,  wh i l e  we s h a l l  use t h e  year 

as t h e  u n i t  of t ime and t h e  mass of the  sun,\ 23, as t h e  u n i t  of mass. 

A s  t o  t h e  length,  t h e  Astronomical 

We 

s h a l l  fhen have t o  w r i t e  t h e  g r a v i t a t i o n  constant  as G :4  t h e  g r a v i t a t i o n  constant  as G :4  

Fig .  2 .  Connection bewteen t h e  o r b i t a l  elements and t h e  coordinates  Qand Z. 

The c a l c u l a t i o n  of d O .  L e t  us  consider ,  once more, the point  ypz, through 

which t h e  o r b i t  /Z,e,i,Uris passing. 

t h e  t r a n s i t i o n  t o  a neighboring point  w i l l  be 

The change of t h e  pe r ihe l ion  l eng th  during - - 

I n  o rde r  t o  f i n d  the d @  of t h e  o r b i t  t h a t  touches t h e  c i r c l e  w i t h  d r  around e-, z, 

we shall have t o  choose d p  and dz i n  such a way t h a t  the neighboring po in t  w i l l  

be loca t ed  on t h e  v e r t i c a l  of t h e  o r b i t  E,e,i , t .L7, and that d p  2 + dz2 w i l l  be - 
equa l  t o  dr2. 

v e c t o r  (%.$) , w h i l e , t h e  d i r e a t i o n  of' t h e  v e r t i c a l  w i l l  be determined by 

Nom, the d i r e c t i o n  of t h e  o r b i t a l  t angent  w i l l  be determined by the 
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1 Hence, we shall have 

and-only t he  amount w i l l  be of i n t e r e s t  i n  t h e  following- 

The f u r t h e r  t a s k  w i l l  be merely a c a l c u l a t i n g  job. We d i f f e r e n t i a t e  

equat ion  ( 3 )  for v a f t e r  we have eliminated r from it, with the aid of  (2 ) .  

In t h e  resul t ,  \N and v may be eliminated by expressions in W and Z .  Then, t h e  

f i r s t  equat ion  of (3 )  w i l l  be solved f o r  w , v w i l l  be e l imina ted  w i t h  t h e  a i d  of 

equat ion ( 2 ) ,  and 

el iminated.  

w i t h  t h e  f o l l m i n g  r e s u l t :  

dw a as w e l l  as-!! 
a z  

Then t h e  expressions w i l l  be developed from t h e  p a r t i a l  de r iva t ions ,  

w i l l  be formed, w h i l e  s i n  v w i l l  be 

Ca lcu la t ion  of d t .  S ince  the connection between modi f ica t ions  Or t h e  t i m e  

and of t h e  t r u e  anomaly i s  known by the sur face  equat ion,  we shall c a l z u l a t e  its 

modif ica t ion  dur ing  the passage through t h e  torus .  The fo l lowing  w i l l  apply:  

The denominator of t h e  r i g h t  s i d e  has  a l r eady  been ca lcu la t ed  for (dwl . It 

fo l lows  then ,  w i th  t h e  a i d  of equat ions (4 )  and (5), tha t  

The i n t e g r a l  r e l a t i o n  f o r  t h e  densi ty ,  Equation (1) i n d i c a t e s  t h e  r e l a t i v e  . 

f requency  of t h e  p a r t i o l e s  f i , e , i 7 i n  a t o r u s  having a c ross - sec t ion  of n ( d r )  2 - - 
and a circmf 'erence of 2 ?f p . 
nkC(a,e,i) of t h i s  t y p e  af p a r t i c l e s ,  i n  a volume element of d f' X dz x 1=1 

Hence, we s h a l l  o b t a i n  the  d e n s i t y  con t r ibu t ion  
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By means of i n t e g r a t i o n  over a l l  poss ib le  va lues  of t h e  o r b i t a l  elements,  we 

s h a l l  ob ta in  t h e  p a r t i c l e  dens i ty  i n  t h e  poin t  under cons idera t ion ,  w i t h  t h e  a i d  of 

equat ions ( 7 )  and ( 9 ) :  

The poss ib l e  values of t h e  o r b i t a l  elements whioh are evident  a l r e a d y  from t h e  

o l ea r  explana t ion  g iven  a t  the ou t se t ,  will also r e s u l t  from the r o o t s  i n  m u a t i o n  

(11). 

d i s t a n c e  w i l l  have t o  be l a r g e r :  

The pe r ihe l ion  d i s t ance  w i l l  have t o  be smaller t h a n  r, whi le  t h e  aphel ion  

a(1 - e) 5 r 5 a(1 + e ) .  

This assumption w i l l  supply, f o r  a and e, t h e  i n t e g r a t i o n  range of 

a 1 '  <-<- /A = r - 1 - e 

n r t h e r m o r e ,  only t h o s e  p a r t i c l e s  w i l l  c o n t r i b u t e  t o  t h e  dens i ty  t h a t  a r e  i n  o r b i t s ,  

t h e  i n c l i n a t i o n  of which i s  so l a r g e  that the  o r b i t a l  plane w i l l ,  a t  least ,  touch  

t h e  t o r u s  around f. z ,  i.e., when we shall have 

3.  Incidence Or p a r t i c l e s  on t h e  ear th .  
~ ~~ ~~ - 

The o r b i t  o f t h e  e a r t h  w i l l  be idea l ized  as a c i r c u l a r  o r b i t  having a r a d i u s  

of 1. The r a d i u s  of the earth, It, w i l l  be considered small i n  r e l a t i o n  t o  a l l  o ther  

l eng ths  t h a t  w i l l  occur. The  f o l l m i n g  f o r n u l a e  will apply  d i r e c t l y  t o  o the r  

p l a n e t s  also,  when we use  t h e i r  l a rge  semi-axis as t h e  u n i t  of length  and t h e i r  

t ime of r evo lu t ion  as t h e  u n i t  of time. The r e fe rence  p lane  introduoed i n  I, 2 is 

t h e  o r b i t  of t h e  e a r t h  or  of a planet.  
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. 
t h e  e c l i p t i c a l  l eng th  

If we a l s o  in t roduce  - besides t h e  ooord ina tes  9 and z as used up this  po in t  - 
, t h e n  it  i s  ev ident  on t h e  b a s i s  of our earlier consid- 

e r a t i o n s  t h a t  t h e  d e n s i t y  con t r ibu t ion  of t h e  p a r t i c l e s  p , e , g  i n  one po in t  y,z, 2 - 
I w i l l  be supplied s o l e l y  by two i n t e r v a l s  of dL.3 and two i n t e r v a l s  of d Q .  T h i s  

means: I n  each po in t  of t h e i r  o r b i t ,  the p a r t i c l e s  w i t h  f i , e , g  approach t h e  - 
e a r t h  from four  d i s c r e t e  d i r e o t i o n s  with a uniform r e l a t ive  v e l o c i t y  of U, s i n c e  

t h a t  v e l o c i t y  depends s o l e l y  on a, e, i. 

by n+(a , e , i ) ,  i n  accordance wi th  equat ion (103. The e a r t h  w i l l  lay hold of t h e  

p a r t i c l e s  having a n  " e f f e c t i v e  cross-sectionn of RR* , by which t h e  e f f e c t  of 

The dens i ty  of the  flow w i l l  be  determined 

2 

t h e  a t t r a c t i o n  of t h e  e a r t h  w i l l  be taken  i n t o  account,  a t  least ,  i n  the f irst  

approximation; f o r  t h a t  reason,  t h e  oross-sec t ion  w i l l  depend on the r e l a t i v e  

ve loc i ty .  Since t h e  year  se rves  as t h e  u n i t  of t i m e ,  we s h a l l  ob ta in  t h e  number 

of t h e  meteors or micro-meteors w i t h  the o r i g i n a l  elments a, e, and i per day by 

Their total number w i l l  be determined by i n t e g r a t i n g  over t h e  o r b i t a l  elements when, 

for the i n t e g r a t i o n  range i n  I, we shal l  have t o  assume t h a t  2rZl. 

The r e l a t i v e  v e l o o i t y  may be obtained from t h e  v o l o c i t y  of the c i r c u l a r  

o r b i t  of t h e  ear th ,  V'*2 A.U./a and from t h e  v e l o c i t y  d o f  t h e  p a r t i c l e  that i s  

assumed t o  have t h e  components & ,Wi,W Re shall t h e n  have P I '  

According t o  the energy equat ion,  we s h a l l  f i n d  t h a t ,  a t  a d i s t a n c e  of r: 1, t h e r e  

w i l l  be 

The t a n g e n t i a l  v e l o c i t y  w i t h i n  the  o r b i t a l  plane i s ,  for r z l ,  according t o  
dv \ 

1 . _ _  d t  - Z n f i ( 1 -  e2) . The p r o j e c t i o n  of t h i s  v e l o c i t y  i n t o  t h e  equat ion  (4),  

r e f e r e n c e  plane w i l l  be, dur ing  t h e  passage through t h e  knot,  as fol lows:  



whi le  t h e  ear l ie r  equat ions were v a l i d  independently of the f o r c e  of a t t r a c t i o n  

of t h e  c e n t r a l  mass, t h e  c e n t r a l  mass does en te r  i n t o  t h e  r e l a t i v e  ve loc i ty .  For  

that reason,  w e  s h a l l  have t o  keep i n  mind t h a t ,  i n  the case of s m a l l  p a r t i c l e s ,  

t h e  e f f e c t  of g r a v i t y  w i l l  be canoelled out,  i n  pa r t ,  by t h e  r a d i a t i o n  pressure.  

Since both f o r c e s  have the same l a w  of d i s t ance ,  we shal l  have t o  t a k e  the 

r a d i a t i o n  pressure .  i n t o  cons idera t ion  by in t roducing  a reduoed s o l a r  mass of 

m = ma (1 - S),l when & s i g n i f i e s  the r a t i o  of t h e  r a d i a t i o n  f o r c e  and the 
- .  

gravt%a%ion fo rce  of t h e  sun. For suoh p a r t i c l e s ,  we s h a l l  f i nd ,  i n  l i e u  of 

equat ion  (16), t h a t  

Numerical d a t a  concerning 6 as dependent on the r a d i u s  of t h e  p a r t i c l e  f o r  

t o t a l l y - r e f l e c t i n g  and meta l  p a r t i c l e s  may be found i n  C. Schalen's paper (1938). 

Roughly, it is poss ib l e  t o  state tnat 6 w i l l  assume such values,  i n  -the case  of 

r a d i i  of t h e  p a r t i c l e s  t n a t  are smaller t han  lor3,, that it oannot be d is regarded  

any longer .  

As t o  the e f f e c t i v e  catchment cross - sec t ion  PAuf fangquer schn i t tYof  - the 

ea r th ,  we s h a l l  ob ta in  a n  estimate by means of t he  well-known energy-impulse 

cons ide ra t ion .  It i s  a r a t h e r  rough one, s ince  the a t t r a c t i o n  of t h e  sun i s  

being disregarded. Then, t h e  o r b i t s  a f  the  p a r t i c l e s  near t h e  e a r t h  w i l l  be 

hyperbolae having the center  of the e a r t h  as t h e i r  cen ter .  

f i n d  t he  hyperbola that w i l l  j u s t  be touching t h e  e a r t h  by i t s  vertex. 

t h e  r e l a t i v e  v e l o c i t y  of a p r t i c l e  i n  r e l a t i o n  t o  t h e  ea r th ,  a t  a large d i s t ance ,  

t h e n  t h e  v e l o c i t y  i n  t h e  ve r t ex  w i l l  be 

We s h a l l  t h e n  t r y  t o  

When U i s  
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azcording t o  t h e  energy equat ion.  For t h e  d i s t a n c e  R* of t h e  o r b i t  from t h e  p a r a l l e l  

t o  t h e  v e l o c i t y  vec to r ,  a t  a l a r g e  d i s t a n c e  from t h e  ea r th ,  th rough t h e  c e n t e r  of 

t h e  ear th ,  i.e., for t h e  ,%hrust parameter", t h e  impulse theorem Wi l l ' supp ly  the 

condi t ion  t h a t  
R*. u = R .  v . 

It follows t h e r e f o r e  t h a t  

so a s  t o  remain w i t h i n  t h e  chosen system of measurements, we s h a l l  have t o  

ex press r ,  i.e. t h e  mass of t h e  ear th ,  i n  u n i t s  of t h e  mass of t h e  sun, i . e . ,  

)A z 3.01 x I O m 6 ;  s is t h e  r a d i u s  of t h e  e a r t h  p lus  t h e  e f f e c t i v e  he igh t  of t h e  

atmosphere (some 130 km). Thereby, t h e  constant  w i t h i n  t h e  parentheses  w i l l  Secaane 

_- - 0.1386. 

For 6< 1, t h e  r e l a t i v e  v e l o c i t y  ( 1 7 )  w i l l  achieve i t s  min imum on the edge 

1 f o r  i = O o  - and i t s  or u = - - -  ( l g u a x )  ) 1 - e  
1 of ( 1 2 ) :  a=-- I + e  (;-.u.1 

maximum, a l s o  a t  t h a t  loca t ion ,  for i= 180'. There, t h e  fo l lowing  w i l l  apply:  

- Minimum 
= "il =F /(l - 6 )  ( 2  - I-)! a { t Maximum 

('d' edge I 

For S Z O ,  t h e  r e l a t i v e  v e l o c i t y  w i l l  be 0 a t  a= 1 while ,  for 0&8$$, it 

w i l l  be equal  t o  

e f f e c t i v e  i n t e r c e p t i o n  cross-sect ion (18) w i l l  be use less .  

t h e  maximal oatchment c ross -sec t ion  may be obtained by consider ing t h e  r e s t r i c t e d  

t hree-b odie  s problem. 

at 2, and t h e r e  only. Then, t h e  approximation f o r  t h e  1-16 
An upper l i m i t  for 

I n  t h e  system of sun and e a r t h  a t  res t ,  t h e  Jaoobi  f n t e g r a l  

vz= 2 Q(Z, y, 2 )  - c ,  

when$= i s  some s o r t  of a p o t e n t i a l ,  a p p l i e s  t o  t h e  v e l o c i t y  of a p a r t i c l e  having 

J a c o b i c s  cons tan t  C. H i l l ' s  l i m i t  curves of 2R=C r e s t r i c t  t h e  range of movement 
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I I *,' The integrand of t h e  last equation is, when we dis regard  t h e  d i s t r i b u t i o n  

14  

' funo t ion  and t h e  f a c t o r  a"'a, Oepik's o o l l i s i o n  p r o b a b i l i t y  pe r  revolu t ion  of 

t h e  p a r t i o l e  E951, Equation (23) f .  

i n  t h i s  paper shms that t h e  denominator of th i s  equat ion i s  exact ,  provided that 

the i n t e rp l ane ta ry  dens i ty  i n  regions of t h e  order of magnitude of t h e  aatchment 

c ross -sec t ion  of t he  e a r t h  may be considered constant.  It w i l l  also be poss ib l e  

t o  wr i t e ,  by using t h e  dens i ty ,  equation (111, that 

Brrt, t h e  d e r i v a t i o n  of t h e  formula as found 
I 

n R*. n (1.0) m=- 
365- * 

n R*n( 1,O) 
2 r  Cd,f . - - _ _ .  - 

365 

The m e f f e c t i v e  incidence veloci ty"  UeffD which has been def ined thereby, w i l l  be 

of t h e  order  of aagni tude 1, i n  aooordance wi th  equations (17)  and (191, when we 

dis regard  t h e  case of U'O. 

On t h e  basis of equation (20), we shall obtain - from the d i s t r i b u t i o n  f u n c t i o n  

of the o r b i t a l  elements 1 ( a , e , i )  - independent es t imates  of t h e  minimum and 

maximum a m b e r s  d t h e  inc iden t  p a r t i c l e s ;  on account of t h e  assumptions made f o r  

t h e  de r iva t ion ,  however, t h e s e  es t imates  a r e  not  a l toge the r  cogent, 

over whioh t h e  mean value  i s  ascer ta ined  i n  (20), w i l l  have a m i n i m u m  of t h e  

The funa t ion  

value of 2u"0,744 f o r  U"0.1386. Thereby, we shall ob ta in  a laver l i m i t  of 

n R' 
mmin = 2n $0.744 . - 365 . n(l,O) ., 

(20'  1 
~n upper l i m i t  oan be determined only f o r  p a r t i c l e s ,  in whieh t h e  r a d i a t i o n  

p r e s s u r e  i s  not very considerable.  It w i l l  t h e n  f o l l o w  from { l S f )  t h a t  

The upper l i m i t  prosented here i s  r a t h e r  un l ike ly ,  but - without any 

assumptions regarding t h e  model - it can be depressed only, t o  some extent ,  by more 
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precise c a l c u l a t i o n s  i n  t h e  f i e l d  of celest ia l  mechanics. 

c 

U 
IC i s  possible t h a t ,  due t o  t h e  aeoular ga ther ing  of dus t  by the e a r t h  that 

has been discussed i n  d e t a i l  by E. Oepik (19511, a d i s c o n t i n u i t y  of t h e  dus t  d i s -  

t r i b u t i o n  of t h e  i n t e r p l a n e t a r y  dus t  prevails a t  t h e  d i s t a n c e  of t h e  e a r t h  from 

t h e  sun. This would have t o  be p a r t i c u l a r l y  no t i ceab le  i n  t h e  case of t h e  l a r g e r  

p a r t i c l e s ,  i n  whioh such a n  e f f e c t  w i l l  be  l e s s  obscured by d is turbances .  Such A 

d i s c o n t i n u i t y  w i l l  go unnoticed i n  zodiacal l i g h t  observat ions,  s i n c e  the re ,  t h e  

mean values are always determined over l a r g e  areas. The conclusions r e l a t i n g  t o  

the  d i s t r i b u t i o n  f u n c t i o n  of t h e  o r b i t a l  elements as obtained on the b a s i s  of 

t h e  i n t e g r a l  f o r  t h e  p a r t i c l e  incidence (20)  are, t h e r e f o r e ,  not  so gene ra l ly  

v a l i d  as t h e  ones reached on t h e  bas i s  of t h e  dens i ty  i n t e g r a l  ( 1 l ) i  

li .  A model for t he  d i s t r i b u t i o n  f u n c t i o n  of t h e  o r b i t a l  elements. 

1. Conditions. F i r s t  conclusions. 

- - 

We s h a l l  cons ider  models that a re  as simple as poss ib le ,  i n  order  t o  o b t a i n  

an i d e a  of t h e  connection of dens i ty  and d i s t r i b u t i o n  f u n c t i o n  as formulated i n  

equat ion  (11). The d i s t r i b u t i o n  func t ion  s h a l l  be t h e  product of three f u n c t i o n s  

each one of whioh s h a l l  depend on one o r b i t a l  element only: 

Hence, t h e  i n t e g r a t i o n  over i can be separated d i r e c t l y  from t h e  two other  

ones. This f i r s t  i n t e g r a l ,  

depends s o l e l y  on z/ 

t h e  par t ic les  i s  - as may a l s o  be seen from t h e  denominator of t h e  in tegrand  - 
As t o  t h e  dens i ty  problem, t h e  sense of t h e  r o t a t i o n  a' 

without  any importance, For  t h a t  reason, the  sum of t h e  d i r e c t  o r b i t s  of  t h e  in- 

c l i n a t i o n  i and of the  r e t rog rade  orbits having an i n c l i n a t i o n  of lBOo - i w i l l  be 

des igna ted  as Ni, and t h e  i n t e g r a t i o n  w i l l  be extended so le ly  over one half' of t h e  

i n t e r v a l  ( 13 ) . 
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With the aid of x=a/r, we shall o b t a i n  t h e  rtcro o the r  iMegrals i n  t h e  form 

of 
1 

In the e o l i p t i o ,  9 = r  and n = n  a , e ,  a,e 

t r i b u t i o n  w i l l  be - when we assume the  convergence of the  double i n t e g r a l  - 
(9) w i i l  appiy, and t h e  d e n s i t y  d i s -  

(24) = c . @ - a  for N,= c'ak . 

For that reason,  we shah1 be  able t o  r ep resen t  by formula (2L) a prescr ibed  

dens i ty  d i s t r i b u t i o n  i n  t h e  e c l i p t i c  and a t  a c e r t a i n  discance from the sun and 

v e r t i c a l l y  t o  it, by a s u i t a b l e  choice of t h e  u i s t r i b u t i o n  func t ion .  This agrees  

with t h e  d a t a  that may be determined, e.g., on the basis of zod iaca l  l i g h t  observa- 

t i o n s ,  

Clues for i t s  se lechion  w i l l  r e s u l t  from cons idera t ions  of t h e  supposed d u s t  genera- 

Here, Ne W i l l  still remain undetermined, except for convergenoe oondi t ions.  

t o r s  i n  t h e  planetary system o r  - as w e  shtrll exp la in  i n  more d e t a i l  i n  Seot ion  11, 

4 - from t h e  r e l a t i v e  frequency of t h e  e c c e n t r i c i t i e s  i n  meteors. It f o l l o w s  from 

equat ions  ( 2 2 )  and (23)  t h a t  t h e  dens i ty  amounts t o  

2, Discussion o f  t h e  exponent ia l  l a w s  governing the d i s t r i b u t i o n  of l a r g e  semi-axes. 

We sha l l  consider  he re  but a few whole va lues  of k. Ic te rmedia te  va lues  are 

poss ib le ,  b u t  i n  t h a t  case,  WB s h a l l  have t o  determine numerical ly  t h e  value of t h e  

double i n t e g r a l  i n  (2s) f o r  an  appropr ia te  Ne* 

k=O, i.e. - i n  accordance wi th  equat ion (24) - a d e n s i t y  decrease  w i t h  J-2 

w i l l  hard ly  be assumed any longer  today. I n  that case, t h e r e  would be 
1 1 

F o r  Ne oonst.  the dens i ty  con t r ibu t ion  of equal e - i n t e r v a l s  would be equal ,  

For  t h e  more probable case of Ne toward 0 f o r  e toward 1, t n e  dens i ty  con t r ibu t ion  

of t he  p a r t i c l e s  of smaller e c c e n t r i c i t y  would be l a r g e r .  m e n  we f i r s t  i n t e g r a t e  
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over  e ( f o r  He=  oonst), t h e n  we s h a l l  fixid t h a t  t h e  d e n s i t y  con t r ibu t ion  of t h e  

p a r t i c l e s  w i th  -l12$a.s 1 would have t o  b e  equal t o  t h e  p a r t i c l e  w i t h  1 s a < m .  

Since t h e  i n t e g r a l  
d x d e  

can be ind ica t ed  a l s o  f o r  r eg ions  forming p a r t  of 23 , it w i l l  be s u i t a b l e  t u  

serve as t h e  basis of numerical ca l cu la t ions ,  i n  which "Ta and Ne w i l l  be considered 

t o  oe approximately constant  in t hose  regions. 

A d e n s i t y  decrease  wi th ,  approximately, 9-l w i l l  r e s u l t  when it is d e s i r e d  t o  

e x p l a i n  t n e  zodiagal  l i g h t  s o l e l y  on t h e  b a s i s  of t h e  scattering of t h e  l i g h t  of 

t h e  sun, If the  p o l a r i z a t i o n  of t h e  zodiacal  l i g h t  i s  a consequence of t h e  scatter- 

ing  on f r ee  e l ec t rons ,  then  t h e r e  will remain a share of luminosi ty  t h a t ,  near  t h e  

ear th ,  w i l l  best be represented  by a constant  dus t  dens i ty  i n  t h e  eclip.f;ic. Th i s  

d e n i i f y  W i l l  be, f o r  

1 
Ne must, f o r  e -+ 1, move more pronouncedly toward 0 t h a n  There w i l l  

be 

I n  t h e  f i r s t  case, t h e  dens i ty  cont r ibu t ion  w i l l  i nc rease  as t h e  e x c e n t r i c i t y  

inc reases ,  w h i l e  it w i l l  be  cons tan t  i n  t h e  second case. Since,  undoubtedly, a n  

e s s e n t i a l  part of t h e  d u s t  i s  being genertited by comets w i t h  a l a r g e r  e,  a l a w  of 

d i s t r i b u t i o n  involving t h e  smal les t  possible  dearease,  as e inc reases ,  i s  more probable. 

2 I n  t h e  r'ollowing, we sha l l  consider  t h e  d i s t r i b u t i o n  l a w  Na x Ne = a ( l - e2 )  excLu- 

s ive ly .  

Since,  i n t h e  case of t h i s  law of d i s t r i b u t i o n ,  t h e  con t r ibu t ion  of l a r g e  va lues  

of a t o  t h e  d e n s i t y  is very considerable ,  we shall  nave t o  examine which e f f e c t  a n  

ending of t h e  dus t  cloud w i l l  have a t  a m a x i m a l  l a r g e  semi-axis or  aphel ion d is tance .  
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. it fol lows from the numerical ca l cu la t ions  i n  11, 4 t h a t  t h e  double i n t e g r a l  i n  

(83b), and thereby  t h e  dens i ty ,  w i l l  decrease  between 9 =0.5 and 

lo$ i n  t h e  case or" a = 2U A.U.,  and by 1 2 %  i n  t h e  case  of a 
mBX max 

we assume maximal aphel ion d i s t ances ,  then the same va lues  w i l l  r e s u l t  f o r  E(l+e)J, 
= 20 A.U. and fi(+e)7- = 4U A.U., r e s p e c t i v e l y ) ,  This decrease of' t h e  d e n s i t y  

9 1.5 by 

= l U  A.U. (men 

- - 
w i i l  p a r t i a l l y  be cance l led  out  aga in  by t h e  absence  af t h e  p r t i c l e s  i n  which a i s  

smaller than  a m i n i m a l  l a r g e  semi-axis, o r  i n  which a ( l - e )  i s  smal le r  t h a n  a minimil 

pe r ihe l ion  d i s t ance .  

cal  p rope r t i e s  oi' t h e  p a r t i c l e s ,  we made only a n  estimate i n  t h e  same manner as 

above, f o r  t h e  purpose of prel iminary o r i en ta t ion ,  t o  the e f f e c t  t h a t  an absence of 

a l l  p a r t i c l e s  w i t h  a (0.4 would br ing itaout a d e n s i t y  inc rease  of 5% between 9 
and Q' = 1.0, 
480) w i l l  be but s l i g h t l y  no t i ceab le  according t o  t h e  l a w  of d i s t r i b u t i o n  adopted2 

between Q 50.5 a n d 9 m 1 . 5  A.U., we s h a l l  have a n  increase  i n  dens i ty  of less than 

Since t h e  vapor iza t ion  l i m i t  i s  l a r g e l y  dependent on t h e  physi- 

0.5 

A minimal pe r ihe l ion  d i s t ance  of 0,5 A.U. (de van d e  Hulst, 1~47, p. - 

4%* 

It follows from equat ions  ( 2 2 )  and (23b) t h a t ,  f o r  k 2, t h e  d e n s i t y  w i l l  depend 

s o l e l y  on t h e  r a t i o  

t h e n  the  areas of constant  density w i l l  be cones t h e  Lixis of which i s  v e r t i c a l  t o  

t h e  s o l i p t i c  and t h e  ve r t ex  of which coincides  w i t h  t h e  sunc 

d e n s i t y  appears r a t h e r  p l aus ib l e  f o r  p a r t i c l e s  on Kepler o r b i t s  w i tn in  the  f i e l d  of 

ti c e n t r a l  mass. Bu*, as it happens, t n e  d e n s i t y  decrease  t h a t  i s  v e r t i c a l  t o  t h e  a c l i p -  

t i c  has been aer ived  by Elsas se r  (1358, p. 281) on t h e  assumption tha t  t h e  su r faces  

OF cons tan t  dens i ty  are planes t n a t  a r e  p a r a l l e l  t o  the e c l i p t i o .  Ifhen we p l o t  t h e  

curves  of cons tan t  d e n s i t y  aLccording t o  t h e  t w o  assumptions i n  t h e  e longat ions  of t h e  

sun as applied (49 -=35', 42,5', 65', duo) t hen  it w i l l  become apparent  that ,  on t h e  

basia of t h e  new assumption, t h e  lengths  of the v i s u a l  r a y s  w i l l  be reduced i n  t h e  

r eg ions  of h ighe r  dens i ty .  So as t o  be a b l e  t o  r ep resen t  t n e  measured valued u f  

luminosi ty  now, j u s t  as before, we should htive t o  assume t h a t  t h e  dens i ty  a t  t h e  d i s -  

t a n c e  of t h e  e a r t h  from t.rle sun decreases  more slowly i n  a v e r t i c a l  d i r e c t i o n  t o  t h e  

?/re When we consider t h i s  from the  poin t  of v i e w  of space, 

Suoh a d i s t r i b u t i o n  of 
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* 

* . e c l i p t i c  than  on t n e  ear l ie r  assumption. But, we shall be a b l e  t o  se6, at t h e  

same time, t h a t  - f o r  a i l  t he  elongations i n  t h e  ec l ip t i c :  used and f o r  a11 the  in -  

c l i n a t i o n s  toward the e c l i p t i c  appl ied  - t h e  e f f e c t  f o r  Z =0.2b A.U. w i l l  not ex- 

ceed lo%, and that  i f  a l s o  w i l l  not  exceed 50% f o r  t h e  l a r g e r  d i s tances .  But, the 

d a t a  obtained so far are not any more prec ise  t n a n  t n a t ,  t i s  has been shown a l ready  

by t h e  d i f f e r e n c e  of t h e  curves  I and I1 that show t h e  decrease  i n  dens i ty ,  as pre- 

sen ted  by Elsasser .  For t h a t  reason, t h e s e  curve8 w i l l  be  used urxhanged i n  the 

d e r i v a t i o n  of t h e  d i s t r i b u t i o n  of t h e  i n c l i n a t i o n .  

have new observa t ions  reduced, on the assumption t h a t  t h e  cones under cons ius ra t ion  

here are sur faces  of constant  dens i ty .  

But, it wodld be d e s i r a b l e  t o  

3 .  Determination of the d i s t r i b u t i o n  of t h e  i n o l i m t i o n  
- 

For  t h i s  pirpose,  we used two methods: on the one hand, we evalua tea  equat ion  

( 2 2 )  for var ious  mode& of Ni; on t h e  o ther  hana, we solved t h e  i n t e g r a l  equat ion 

fo r  N i  by approximation on the  b a s i s  of the  empir iaal  d e n s i t y  d i s t r i b u t i o n s .  

ahen t h e  i n c l i n a t i o n s  are d i s t r i b u t e d  evenly, we f ind - as it i s  wel l  known - 
t h a t  N i =  2 ~ i n i ;  

arecos p!r 

This  d i s t r i b u t i o n  i s  intended t o  se rve  as a r e fe rence  func t ion  when we r e so lve  

t h e  i n t e g r a l  i n t o  a sum. 

i n t e g r a l  (22) ,  t hen  we shaLl encounter convergence d i f f i c u l t i e s  f o r  i = 0, s i n c e  

If we simply p u l i  out Ni, i n  a p a r t i a l  intervaL,  f rom the  

each d i s t r i b u t i o n  i s  t o  have a maximum, b u t  not a peak, f o r  z r= 0. 

When t h e  dens i ty  decreases  v e r t i c a l l y  t o  t h e  e c l i p t i c ,  Ghen Ni w i l l  have GO 

w muve t m r d  0 for i Y;;r -y . This w i l l ,  e.&, be t h e  case a t  cos i. This  w i l l  lead 

t o  models having a form of 
( B) N, = c . sini . cosv'i . 

due t o  tho  inc rease  with s i n  i f o r  small its. Then w e  shall f i n d  tha t  
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- . when N i s  f ixed  i n  such a way t h a t  n (0) 1. High va lues  of V w i l l  b3 requi red  
i i 

t o  r ep resen t  t h e  empir ica l  curves. This c h a r a c t e r i z e s  t h e  strong d e v i a t i o n  of t h e  

empir ical  d i s t r i b u t i o n  of t h e  i n c l i n a t i o n s  from t h e  e q u i p a r t i t i o n .  Fig.  3 shuws 

t h e  %'s as taken  from Elsassercs curves I aud I1 (1954, p. 284; I corresponds t o  

t h e  decrease  02 llllninosity North of t h e  e c l i p t i c ;  I1 corresponds t o  it South of t h e  

e c l i p t i c )  forY--24 ,  48, and 64. 

Fig. 3. D i s t r i b u t i o n  n. on t h e  basis of t h e  dens i ty  decrease t a k i n g  place 
1 v e r t i o a l l y  t o  t h e  e c l i p t i c ,  according t o  zodiacal  l i g h t  observat ions.  

(H. Elsasser, 1354; curves I and 11), and according t o  Yodel B f o r  
and = 6 4 ( - - - )  = 'L, ( --), = aa ( -  - - -) 

A closed p resen ta t ion  may be d e s i r a b l e  f o r  some theoret icaA problems - it i s  

also possible: s t i l l  t o  improve the models B without  any d i f f i c u l t y  - but when an 

exaot  approximation of the empir ica l  curves is of d e c i s i v e  importance, t h e n  a n  inver -  

s i o n  of t h e  i a t e g r a l  equat ion  (22 )  t o r  Ni w i l l  be preferab le .  

may be mentioned pa ren the t i ca l ly ,  be c a r r i e d  out  i n  a n  exact manner. 

t ransformzt ion ,  we shall o b t a i n  a n  Abelian i n t e g r a l  equat ion f o r  N./sini, wi th  t h e  

This  i nve r s ion  ban, as 

By means of 

1 

i n v e r s i o n  m 

For t he  purpose of p r a a t i c a l  ca l cu la t ion ,  i t  i s  more convenient t o  r e s o l v e  the in- 

t e g r a l  ( 2 2 )  i n t o  a sum, by d iv id ing  t h e  i - reg ion  i n t o  K f 1 i n t a r v a l s .  

no t  Ni but - as int imated before  - Ni/sini shall be considered cons tan t  f o r  i 3 0, 

beeause of t h e  behavior of hi. Then, we mall have 

?$ow, however, 
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, For t h e  c o e f f i c i e n t s ,  we sha l l  f i n d  with t h e  a i d  of equat ion  ( 2 ~ i r )  t h a t  

acd gene ra l ly  

I n  t h e  ease of a d e f i n i t e  i -d iv i s ion ,  we s h a l l  s e l e c t  t h e  absc i s sae  z f o r  t h e  

r e fe rence  po in t s  of t h e  curves GL' t h e  dens i ty  decrease i n  such a way that 
t 

1 = 0, 1, . , . , A  e arccos __ = i, 
Vel + 2: 

Then, there w i l l  be 

( 2 7 ? )  

i.e., it w i l l  be poss ib le  t o  r e so lve  -r;he i n t e g r u l  squa t ion  from l a rge  2 's .  On t h e  

basis  of t h e  va lues  found, we snail obtain (Ni)Z Sy mult ip ly ing  by 

cosi[ - C o s i [ + ,  

4 + 1 - 4 (sini), = 
-- 

I n t e r v a l s  having a l a t i t i d e  of 5 O  were  selected f o r  t h e  eva lua t ion  of Elaasser's 

curves f o r  c) 6 i < 4 f i l l e g i b l e 7  while i n t e r v a l s  of a l a t i t u d e  of 15' were se l ec t ed  

f o r  45 (= i 5 - 99', i.e., f o r  z values  f o r  w h i m  t h e  ourves of t h e  d e n s i t y  decrease  

- - c 

w i l l  have t o  be ex t rapola ted .  Table I shows t h e  values of J wh i l e  Table 2 

p re sen t s  t h e  founa values f o r  ( N . / s i n  i> 

I1 and f o r  t h e  mean I11 of these t w o  curvesr  

k,l' 
Jt and f o r  Lis t rsser ' s  curves I and 

1 1 

In Fig.  4, the percentage-wise f ra -  

quenoies of the i n c l i n a t i o n s  have been compared wi th  the i n t e r p l a n e t a r y  f requencies  

of sporadic meteors as found by F. L. Whippls (1954, 3.  Z A 6 ,  Table V, column 4). The 

a g r e m e n t  - p a r t i c u l a r l y  of I - w i t h  t h e  d a t a  r e i a t i n g  t o  t h e  meteors i s  s u r p r i s i n g l y  

4. 

Ve s h a l l t n m  c a l c u l a t e  tho r e l a t i v e  f requenoies  of t h e  o r b i t a l  elements a, and 

Calcula t ion  of t h e  r e l a t i v e  frequency of' the o r b i t a l  elements of meteors. 

e, and i, i n  t h e  case o f  (micro-) meteors, so a s  t o  a r r i v e  a t  a f i r s t  comparison of 
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io- 

Fig. 4. Percentage-wise frequency of t h e  i n c l i n a t i o n s  i n  i n t e r v a l s  naving 
a l a t i t u d e  of loo f o r  t h e  share of dus t  of  t h e  zodiaoal  l i g h t  (curves  

I t o  111) and i r i  t h e  oase of meteors ( i n t e r p l a n e u w y ) ,  aooording 
to F. L. Whipple (19543 ox-1 

the  consequences of t h e  model found with the  material regard ing  t h e  o r b i t s  of mete- 

o r s ;  very  l i t t l e  ma te r i a l  of this type  has been published up t o  t h i s  t i m e .  The 

photographis r e s u l t s  obtained by t h e  use of t h e  Super-Schmiut cameras b o r e  - t h a n  

4,000 two-s ta t ion  photographs of meteors up t o  t h e  beginning or' 1966 ( c f .  - D. H. 

Menzel, 1!455)7 and t h e  r e s u l t s  of t h e  t h r e e - s t a t i o n  observa t ions  by radar Lz,4UO 

sporadic  meteors (cf'. A.C.B.Lorel1, 1966y will soon make a comparison wi th  small 

r eg ions  da x de x d i  of the  o r b i t a l  elements, according t o  equat ion  (14) possibie .  

- 

Since t h e  closed i n t e g r a t i o n  OF equat ion (2U) fails ,  on account ux' t h e  campli- 

cated connect ion of' t h e  o r b i t a l  elements i n  U, t h s  i n t e g r a t i o n  r e g i o n  2) of a and 

e w a s  subdivided into  52 part ia l  regions, 

for d 5 5 A.U.;  for l a r g e r  a's, t h e  stri;J between a E l / l - e  an6 e = I up to 10 A.U. 

Fig. 5 shows t h i s  subdiv is ion  (43 regions) 

w a s  subdivided i n t o  p ieces  having a longi tude of I A.U.; it was f u r t h e r  subdivided 

a t  a =  15, 20, and 100 A.U. (9 reg ions) ,  We ca lcu ld ted  

Tor eaoh reg ion  A B ,  . I n  audi t ion ,  we determined tnc frequency f a c t o r s  of t h e  

model being oonsidered, v i z ,  ay  2 and 1 - ey,  2 and f i n a l l y  the products  Av aV, 2 (1 - e v )  2 

f o r  t h e  po in t s  of g r a v i t y  a,, e of t h e  sur faces  A%. . These f a c t o r s  have been 
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. i nd ica t ed  i n  Table 3,  t oge the r  w i t h  t h e  sums of t h e  products  f o r  constant e Ern 
The Table a f fo rds ,  by means of a compbrison of' I -  ( a )  17 and cons tan t  e fium ( e )  ?. 

t h e  ind iv idua l  va lues  

- - - 
w i t h  t h e  sum of a l l  t h e  products  4,2505, a n  idea  of t h e  con- 

t r i b u t i o n  of t h e  p a r t i a l  r eg ions  423, , t o  t h e  i n t e r p l a n e t a r y  d e n s i t y  i n  t h e  cause 

of t h e  model under considerat ion.  a,, 

and e v ,  and f o r  ip '5 5( 2~ -l)$ -1,. . . , 91, and i n  aooordanoe w i t h  equat ion  

(1.51, t h e  r e l a t i v e  v e l o c i t i e s  U t  

Fina l ly ,  we ca lcu la t ed  a t  t h e  same l o c a t i o n s  

in u n i t s  or' the  v e l o c i t y  of t h e  o r o i t  of t h e  J, r 
ea r th ,  and t h e  %ffec t ive*  r e l a t i v e  v e l o c i t i e s  O,139/Ut vP 
Table 4 i n d i c a t e s  t h e  values of ( U  vr )efr f u r  i ==t 5'; all of them are loca ted  be- 

tween 0.7 and 1.3. It i s  t r u e  t h a t  t h i s  is due, i n  par t ,  t u  t h e  gross  subdiv is ion  

i r t o  i n t e r v a l s .  In the following, we s h a l l  d i s r ega rd  t h e  r e t rog rade  o r b i t 6  wh ich  

are oonsiderably less f requent  among t h e  o r b i t s  t h e  meteors, uespibe u g r o u t e r  

p r o b a b i l i t y  of impingement. The frequency f a c t o r s  of t h e  i n c l i n a t i o n  i n  t h e  i n t e r -  

val around i are P 

0- a ~ E W S W Z O  
8 -  

Fig .  5. I n t e g r a t i o n  r e g i o n a l  of t h e  orbital d e m e n t s  a m d  e and i t s  
subdiv is ion  for t h 3  purpose of numerioal i n t eg ra t ion .  
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O.b-O.2 1 0.2-4.4 

I n  the ca l cu la t ion ,  we appl ied  the  v a l u e s $  i n  Table 2 t o  t h a t  equation. 

we shall have double sums i n s t ead  of t h e  t r i p l e  i n t e g r a l s  i n  equat ion (ZO), and t h e  

Then, 

0.4-0.6 

"e f fec t ive  v e l o c i t y  of inc idenceM as defined t h e r e  will become 

@hen we eva lua te  t h e  sums i n  the numerator i n  part only, and when we divide by 

t h e  t o t a l  sum (311, then we shali have t h e  r e l a t i v e  I'requenoy of t h e  pa tn  elements 

i n  meteors. E.g., t he  frequency of t h e  i n c l i n a t i o n a  w i l l  turn out  t o  be, when we 

do not sum over )A : 

I n  t h e  same way, t h e  d i s t r i b u t i o n  of t h e  large semi-axes and t h e  sum of the eo- 

c e n t r i c i t i e s  may 'be ootained by summing at 1/ only over t h o s e  s e r i e s  that oontain 

a l l  partial reg ions  of a c e r t a i n  e- interval  o r  a - in te rva l .  

Table I). Coeff io ien ts  &a:(l---e~) ~ 

50 -100 
20 - 5 0  
15 -20  
10 - 15 
9 - 10 
8 -  9 
7 - 8  
6 -  7 
5 -  6 
4.5- 5.0 
4.0- 4.5 
3.5- 4.0 
3.0- 3.5 
2 .5 -  3.0 
2.0- 2.5 
1.8- 2.0 
1.6- 1.8 
1.4- 1.6 
1.2- 1.4 
1.0- 1.2 

0.6- 0.8 
0.5- 0.6 

0 . a  1.0 

Sum . (a) 

I '  
I 

1 .0129 

.0187 i .1905 
i .lo71 

.3369 .1374 

1 .0503 
.2745 j .1616 

! 
.6301 I .6598 

.1270 

.lo22 

.1252 

.OS65 

.0698 

.Of326 

.0648 

.os20 

.7201 

0.6-0.8 

.0274 

.0577 

.0920 

.1190 

.1723 

.1340 

.0407 

.0367 

.0339 

.0313 

.0299 

.0304 

.0469 

.0079 

.a601 

0.8-1.0 

.1544 

.2707 

.0983 

.1727 

.0497 

.0598 

.0709 

.OS79 

.1173 

.0539 

.0435 

.0385 

.0346 

.0306 
.0274 
.0101 
.0097 
.0091 
.0088 
.0086 
.0087 
.0104 
.0076 

1.3832 

.1m 

.a% 

.05N 

.0709 

.OS79 

.ll73 

.0813 

.lo12 

.13Qi 

.143t{ 

.?03 

.?W 

.l.jN 

. 1 Nu3 
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So as t o  b e  prec ise ,  we may not oompare t h e s e  ca l cu la t ed  f r equenc ie s  d i r e c t l y  with 

t h e  observed ones, s ince  t h e  discovery p r o b a b i l i t y  is ano the r  f a c t o r  going i n t o  t h e  

l a t t e r  ones;  tney  may be represented,  t o  F. L. Whlpplu (LYSY, p. 2OY sq,), 

as a func t ion  of the v e l o c i t y  of the meteor at t h e  time of  i t s  e n t r y  i n t o  the atmos- 

phere. 

r e  c t  ion. 

For t h e  purpose of a f i r s t  rougn comparison, we have done wi thou t  t h i s  cor- 

In a paper by F. G. f lrsson (lda~), perhe l ion  d i s t a n c e s  and i m l i n a t i o n u  have 

been der ived from meteor r a d i a n t s ,  according t o  a graphic  method, on t h e  assumption 

of pa raoo l i c  patnu. 

l a r g e r  ma te r i a l  which, however, i s  only p rov i s iona l ly  conclusive,  due t o  t h e  asnump- 

t i o n s  made, we have attempted t o  ca l cu ld t e  the con t r ibu t ion  uf reg ions  of cons tan t  

p e r i h e l i o n  d i s t a n c e  t o  t h e  i n t e r p l a n e t a r y  dens i ty ,  s ince  t h e  frequency d i s t r i b u t i o n s  

tha t  are obtainsd i n  t h i s  way, are not d i f f e r e n t  t o  any cons iderable  e x t e n t  from t h o s e  

So as t o  be able t o  use f o r  our  comparison also t h i s  numerical ly  

occurr ing  dur ing  the  f a l l  of a meteor; of. the cons idera t ions  r e k t i n g  t o  the % l o c i t y  

e f f ec t ' )  i n  I, 3 ) .  

Table 4. The "ef fec t ive4"  r e l a t i v e  v e l o c i t i e s  ( U d u  i n  p a r t i a l  r e g i o n s  of 
f o r  i =; 5 0  ( way of example) 

\..\ 6 

Q (-4. c.]'.-- 

50 -100 
20 - 50 
15 - 20 
10 - 15 
9 - 10 
8 - 9  
7 - 8  
6 -  7 
5 - 6  
4.5- 5.0 
4.0- 4.5 
3.5- 4.0 
3.0- 3.5 
2.5- 3.0 
2.0- 2.5 
1.8- 2.0 
1 . 6  1.8 
1.4- 1.6 
1.2- 1.4 
1.0- 1.2 
0.8- 1.0 
0.6- 0.8 
0.5- 0.6 

0.0-0.2 j 0.2-0.4 I 0.4-0.6 1 0.6-0.8 I 0,s--1.0 
I I 
I 

I 1.132 
I 1.111 

I 1.120 ~ 

1.111 1 

303 
.798 

1.048 .776 
1.196 .755 
1.174 .755 

.808 

.745 

.746 
-749 
.764 
.783 
.792 
.777 
.748 

.747 

.756 

.782 ' .802 

.818 

.863 

.910 

.932 

.948 

.968 

.953 

.922 

.864 

.796 

1.105 
1.105 
1.097 
1.092 
1.07 1 
1.093 
1.127 
1.160 
1.192 
1.121 
1.243 
1.253 
1.253 
1.250 
1.238 
1.214 , 
1.166 
1.078 
.961 
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We shal l  have t o  i n s e r t  the  d i s t r i b u t i o n  of' t h e  i n c l i n a t i o n  N e = 1 - 8 2  i n t o  

9. 

(Zab) and t o  make t h e  s u b s t i t u t i o n  

a(1 + e ) =  q '  , a(1 - e ) =  p 

or 

Nhen we do, t h e  i n t e g r a l  r eg ion  23 will become t h e  ragion 23' 

o g p 5 1 ;  15q<+=. 

Hence t 

1 0 0  1 

nt 
~ b , , ~ -  2 

- -  The execut ion a' t he  seoond i n t e g r a t i o n  will g ive  - as  ir, ( 2 3 ' ~ )  - 
Ths c o n t r i b u t i  on of t h e  i n t e r v a l  of the p e r i h e l i o n  d i s t ance  of 0 5 p I s  p + p21 1 

wiI i  be, i n  t h i s  equat ion:  

The d e n s i t y  con t r ibu t ion  w i l l  increase  as the  periheiion d i s t ance  incruases .  Inas- 

much as  t h e  frequency d i s t r i b u t i o n  OI the  meteors i s  concerned, t h e  affec; t  or' the  

v e l o c i t y  courrteraots t h i s  i nc rease  wi th  p, s i n c e  t h e  veloc;i ty w i l l  decrease  a s  p in- 

creasoti, ut l eas t  i n  t h e  wse of t h e  l a r g e r  aphel ion  u i s t a n c e s  und of i n c l i n a t i o n s  

that are  not overly largu 

ol' t h e  r e l a t i v e  v e i o c i t y  accarding t o  equat ion (15): 

(q2&oiq), as miiy e a s i l y  be seen by a cons idera t ion  

In Figs. 6 t o  Y, t h e  curves  ca l cu la t ed  have been oompared w i t h  t h e  empir ica l  

datu.  I n  the c a l m l a t i o n  or' the percentagelrrise I requencies ,  we have used the number 

of i 5 90' as t h a t  of t h e  meteors f o r  t h e  t o t a l  f requencies  of the inclinations; f o r  

t h e  l a r g e  semi-axes, we used t h e  number of a = 4 100 A.U.. As t o  the l a t t e r  ones, we 

a l s o  increased  the  l eng ths  of t h e  i n t e r v a l s  as F l l e g i b l e 7  - increased  ana we ca l cu la t ed  

t h e  mean metaor frequency per A.U. semi-axis i n t e r v a l  ~y d iv id ing  by the  l e n g m  at' 
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.the i n t e r v a l .  On the o ther  hand, we added, f o r  t h e  s t a t i s t i c s  of t h e  e c c e n t r i o i t i e s  
c 

t h e  hyperbol ic  meteors t o  the i n t e r v a l  of U.8 I < e -E( 1.0, s i n c e  t he  e o c e n t r i c i t i e p  

o r i g i n a t e  - according t o  W p p l e  - so le ly  i n  t h e  s c a t t e r i n g  wi th in  the measurements 

01’ t h e  ve loc i ty .  

zodiacal  l i g h t ,  a compromise was used f o r  t h e  s t a t i s t i c s :  

showers t h a t  were - i n  Ib&ipplets paper - represented  by more than  5 s i n g l e  meteors 

(geminids, perss ids ,  North- and South-taurids,  l eonids)  were i n  each case  counted 

as two meteors only; no d i f f e rence  was made between meteors o r ig ina t ing  i n  weaker 

showers and sporadic  ae t eo r s .  

S ince  t h e  p a r t i c l e s  t h a t  occur i n  flaws a l s o  con t r ibu te  t o  t h e  

t h e  s t rong  meteoric  

When we t a k e  i n t o  acoount t h a t  the model d i s t r i b u t i o n  was es t ab l i shed  for par- 

t i c l e s  of a n  e n t i r e l y  d i f f e r e n t  order  of magnitude ( r  % 10°3cm)(it i s  t r u e  t h a t ,  i n  

t h e  choice of t h e  d i s t r i b u t i o r  of t h e  e c c e n t r i c i t i e s ,  t h e  experience gathered i n  t h e  

astronomy of the meteors and of t h e  comets were a determining f a c t o r ) ,  t hen  it i s  

s u r p r i s i n g  how similar t h e  curves a r e ,  When, by way of a t e s t ,  we assume that t h e  

suppos i t ions  t h a t  were  made f o r  t h e  purpose of eva lua t ing  t h e  d a t a  r e l a t i n g  t o  t h e  

zodiaoal  l i g h t ,  i.e., p a r t i c u l a r l y  t h e  v a l i d i t y  of equat ion ( 2 1 )  are c o r r e c t ,  t hen  

t h e  fo l lowing  should be s t a t ed ,  i n  d e t a i l ,  inasmuch as  t h e  F igures  a r e  concerned; 

Fig.  6. Percentage-wise frequency of t h e  i n c l i n a t i o n s  o f  t h e  o r b i t s  i n  t h e  
case of meteors, i n  i n t e r v a l s  having a l a t i t u d e  of loo a s  ca l cu la t ed  on 
t h e  b a s i s  of t h e  model of the dus t  share  of t h e  zodiaca l  l i g h t  ( -0 - ) ,  

according t o  the photographic meteor o r b i t s  by F. L. Whipple (1954; 

and by Niessl-Hofiheis ter  
-0-), and according t o  meteor r a d i a n t s  by E. Oepik (---- &---- 1 

( -  x -); c f .  F. G. Watson, 1939). - 
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pa l l - e l -  I 

Fig. 7. Frequency of the pe r ihe l ion  d i s t a n c e s  i n  t h e  c a s e  of meteors:  - Percent by i n t e r v a l s  of 0.1 A.U. -- According t o  F. L. Whipple 
(1954; -o-), E. Oepik (---- h ----), and von Miessl-Hoffmeister 

(ox-); of'. F. G. Watson, 1939), ana i n t e r p l a n e t a r y  frequency 
of t he  p e r i h e l i o n  d i s t a n c e s  on t h e  b a s i s  of t h e  model f o r  t h e  

zodiacal  l i g h t  dus t  ( - 0 - ) .  

Fig.  8. Percentage-xise frequency of Fig.  9. Percentage-wise frequency of t h e  
t h e  e c c e n t r i c i t i e s  e i n  t h e  case of l a r g e  semi-axes per i n t e r v a l  of 1 A.U. ,  
meteors, i n  i n t e r v a l s  of 0.2 i n  e, as i n  t h e  case of meteors as ca l au la t ed  on 
ca l cu la t ed  on t h e  b a s i s  of t h e  model t h e  b a s i s  of t h e  model f o r  t h e  d u s t  share  
f o r  t h e  dus t  sha re  of t h e  zodiacal  l i g h t  of t h e  zodiaaal  l i g h t  (-e), and aocording 
(-&-), and according t o  F. L. Whipple t o  F. L. 'Whippla (1354; - 0 - ) .  

(1954; -c-). 

Fig.  6. Tne c a l c u l a t e d  i'requenoy of small i n c l i n a t i o n s  appears t o  be somewhbt 

t o o  high. But, it is due less t o  t h e  s teepness  of t h e  s lope i n  t h e  case of smaller 

i * s  t h a n  t o  t h e  absence of i n c l i n a t i o n s  of > 45' i n  t h e  t h e o r e t i c a l  curve. If we 

analysed  t h e  decrease  of' dens i ty ,  we should ob ta in  t h e s e  i n c l i n a t i o n s ,  e.&., by a 
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- , 'superimposed cons t an t  dens i ty  ( i n c l i n s t i o n s  of s i n  i). The d i s t r i b u t i o n  of t h e  I 
i n c l i n a t i o n s  of t h e  comets w i t h  long per iods (o f .  J. G. Por te r ,  1952, p. 43) sug- 

g e s t s  t h a t  a n  i s o t r o p i c  p a r t  of t h e  i n c l i n a t i o n s  e x i s t s .  It i s  very d i f f i c u l t  t o  

observe t h e  luminosi ty  e f f ec t  of such a dus t  p a r t i c l e  i n  t h e  zodiaca l  l i g h t .  

- 

Fig.  7, The c o r r e c t i o n  of t h e  ve loc i ty  as considered above acts i n  such a 

way t h a t  t h e  dev ia t ions  e x i s t i n g  between t h e o r e t i c a l  and empir ica l  d i s t r i b u t i o n  w i l l  

be reduced. 

Figs.  8 and 9. Nothing but Whipple's ma te r i a l  i s  a v a i l a b l e  f o r  t h e  comparison 

But, while  t h e  curves f o r  la rge  a's and of t he  ca l cu la t ed  f r equenc ie s  f o r  a and e. 

8 ' s  are very similar, empir ica l ly  and t h e o r e t i c a l l y ,  c h a r a c t e r i s t i o  d i f f e r e n c e s  occur  

f o r  e In both cases ,  t h e  cons idera t ion  of t h e  probabi l -  

i t y  of discovery i n  t h e  observed curves would have t o  have t h e  e f f e c t  of decreasing 

t h e  devia t ion .  A remaining dev ia t ion  aould be cor rec ted  by a modi f ica t ion  of t h e  

law of d i s t r i b u t i o n  of N = e.g., e2(1-e') i n s t e a d  of 1-6' - s ince  a f t e r  a l l ,  t h i s  

law remained i n d e f i n i t e  i n  11, 2. But, aocording t o  A.C.B. Love11 (19561, one 

f o u r t h  of a l l  o r b i t s  of meteors of 7? - 8? have, on t h e  bas i s  of r a d a r  observat ions 

made at t h e  J o d r e l l  Bank Experimental S t a t ion ,  e c c e n t r i c i t i e s  of 

model, t h e  r e s u l t  i s  approximately 1/3! 

subsequent d e l i v e r y  B a c h l i e f e r u n d  of t he  dus t  oaught by the  sun and t h e  p l a n e t s  

as  d iscussed  by F. L. Whipple (1955) i n  d e t a i l ,  it i s  a l s o  probable t h a t  t h e  secu la r  

ga the r ing  e f f e c t  which we  have mentioned several t imes,  h a s  a s t ronge r  effect  i n  the 

case  of l a r g e r  p r t i c l e s ,  so  that - under c e r t a i n  circumstances - t h e  empir ica l  d i s -  

t r i b u t i o n s  may, i n  t h e  case of smaller p a r t i c l e s ,  come c lose  t o  the ca l cu la t ed  ones. 

For that reason, t h e  chosen l a w  o f  d i s t r i b u t i o n  of Ne was  re ta ined .  

0-5 and f o r  0 . 5 j a  $ 2, 
c 

e 

< 0.5 - i n  t h e  

On t h e  b a s i s  of t h e  ideas r e l a t i n g  t o  t h e  

- - 

5. P a r t i c l e  incidence and mass incidence upon the  ea r th .  
~~~ ~- 

The c a l c u l a t i o n s  performed make no new c o n t r i h t i o n  t o  t h i s  problem. The w e l l -  

known statement  (H.  C.  van de Hulst ,  1947; H. K. Kallmann, 1955; M. Minnaert, 1955; 

F. Lo Whipple, 1955) t o  the e f f e c t  t h a t  i n t e r p l a n e t a r y  dens i ty  i s ,  on t h e  one hand, 
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-large enough t o  r e s u l t  i n  t h e  expected mass incidence bu t  t h a t ,  on t h e  o the r  hand, no 

continuous t r a n s i t i o n  seems t o  be possible  from ths i n t e r p l a n e t a r y  l a w  of t h e  

d i s t r i b u t i o n  of r a d i i  t o  t h e  l a w  of t h e  d i s t r i b u t i o n  of r a d i i  as based on meteor 

f requencies ,  remains va l id .  Inasmuch as t h e  order  of magnitude of' t h e  r a d i u s  is 

concerned, f o r  which t h i s  t r a n s i t i o n  might be a n t i c i p a t e d ,  t h e  frequency va lues  as ob- 

t a ined  on t h e  basis of the d i f f e r e n t  laws d i f f e r  by several powers of ten .  

- 6 

In any case, the model e s t ab l i shed  supp l i e s  a very d e f i n i t e  value of the 

e f f e c t i v e  incidenoe ve loc i ty ,  v i z .  

Usff = 0.95 . 

For a model with Ne=const. and a ,20 .< A.U., we  found that Uefr is equal  t o  1.1 

Re s h a l l  now be a b l e  t o  use equat ion  (31) t o  c a l c u l a t e  the  p a r t i o l e  incidenoe o r  the 

mass incidenoe - depending on t h e  i n s e r t i o n  of t h e  i n t e r p l a n e t a r y  p a r t i c l e  number/m 3 , 

or  of the  i n t e r p l a n e t a r y  dens i ty ,  for n(l .0) .  

Acrmrding t o  H. Elsgsse r  (1955) the  b e s t  simultaneous r e p r e s e n t a t i o n  of the  

Faunhofer corona and of t h e  d u s t  share of t h e  zodiaca l  l i g h t  may be obtained by t h e  

fo l lowing  l a w  of d i s t r i b u t i o n  of t h e  r a d i i  s i n  t h e  i n t e r p l a n e t a r y  d u s t :  

n ( ~ )  ds = 1017.86s-2ds [ ~ r n - ~ ]  .I 

Accrordingly, t h e  minimum p a r t i c l e  s i t e  i s  loca ted  between lo4 and 10 -3 cm, 

while  t h e  maximal p a r t i c l e  s ize  i s  located between loo2 and 1O01cm0 On t h e  basis of 

a similar l a w  af d i s t r i b u t i o n  of t h e  r a d i i ,  we s h a l l  a l s o  be able t o  understand - i n  

accordance w i t h  c a l c u l a t i o n s  by H. Walter (1957) - t h e  an t i - zod iaca l  l i g h t  aocording 

t o  Mie's theory.  

u n c e r t a i n  point.  m e n  we assume t h e  independence of t h e  law of d i s t r i b u t i o n  of t h e  

o r b i t a l  e lements  having t h e  s ize  of p a r t i c l e s  ( s e c t i o n  I , l ) ,  t h e n  we sha l l  f ind ,  w i t h  

t h e  a i d  o f  equat ion ( 2 0 ) ,  i n  r ega rd  t o  those  p a r t i c l e s  t h a t  are l a r g e r  t han  

A t  t h i s  moment, t h e  constant  of t h e  law i s  probably t h e  most 

Ueff i s  unce r t a in  for smaller p a r t i c l e s ,  on account of t h e  effect of the  r a d i a t i o n  

I pres su re  (1,3). ) t h a t  t h e  frequency of micro-meteors i s  as fo l lows:  
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Nothing d e f i n i t e  a n  be s t a t e d  as t o  t h e  t o t a l  number of t h e  micro-meteors, 
I 

c 
s ince  the small p a r t i c l e s  a re  the determining f a c t o r  i n  t h a t  r e s p e c t ,  On t h e  o ther  hand, 

the inc iden t  nass depends on t h e  upper l i m i t  of t h e  p a r t i c l e s ,  up t o  whioh equat ion  

(36) w i l l  be v a l i d ,  The t o t a l  mass w i l l  be 

(37)  
2n a 31 M 109.65. - 3 4 a z  [9d-'l. 

We s h a l l  ob ta in  t h e  fol lowing Tabulat ion f o r  a dens i ty  of t h e  p a r t i o l e s  of d*: 
. _  

8maz[cm] I IW*J 1 10-2 j 10-15 IO-' I 

Jf [ t /d ]  1 0.37 I 3.7 1 37 350 

To t h i s ,  t h e r e  w i l l  have t o  be added a few t ' s  as  mass c o n t r i b u t i o n  of t h e  

l a r g e  meteors.  

va lue  t h a t  i s  being considered most l ikely today (10 t/d and more; F.L. Whipple, 1952). 

The va lues  found are r a t h e r  smewhat t o o  low i n  r e l a t i o n  t o  t h e  

3 

But ,  when we t ransform t h e  meteor f requencies  as  ind ica t ed  by f .G. Watson 

(1939,1956) and o t h e r s  (c f .a l so ,  e.g., A.C.B. Lovell ,  1954, Chapter LBLB) and as  

dependent on the luminosi ty  i n t o  f requencies  as dependent on t h e  r a d i u s  by means of' 

a mean r e l a t i o n  between r a d i u s  and visual luminosity,  t h e n  t h e  frequency w i l l  l i e  f o r  

10"cm - such p a r t i c l e s  may s t i l l  be considered meteors - under t h e  value ind ica t ed  

i n  t h e  equation(3$, by f i v e  powers of t en ,  

j o i n  equat ion  (36)  wi th  t h e  frequency of t h e  r a d i i  i n t o  one gene ra l  l a w  governing 

- 

For t h a t  reason, it i s  not  p o s s i b l e  t o  

t h e  meteors,  

The model of  t he  d i s t r i b u t i o n  func t ion  of t h e  o r b i t a l  elements as considered 

here i s  - being a f i r s t  a t tempt  and a s  such, i s  s t i l l  somewhat sohematic, The 

fo l lowing  c h a r a c t e r i s t i c  j o i n t  p rope r t i e s  of t h e  o r b i t s  of zodiaca l  l i g h t  p a r t i o l e s  and 

of meteors ,  however, come c l e a r l y  t o  the  f o r e :  The ma jo r i ty  of t h e  o r b i t s  have 

small i n c l i n a t i o n s .  

i s  suppl ied  by p a r t i c l e s  having a l a r g e  semi-axis of > 1 A.U., i n  t h e  per ihe l ion ,  

The main con t r ibu t ion  of t h e  d e n s i t y  and of the meteors as w e l l  

The h i g h  frequency of the medium and l a r g e  e c c e n t r i c i t i e s  of t h e  meteors as a n  

apparent  e f f e c t  due t o  the  mgeometryn of  t h e  catchment of t h e  p a r t i c l e s  t h a t  i s  a l s o  

due t o  t h e  varying v e l o c i t y  of incidence.- The p o s s i b i l i t y  cannot be precluded 

a l t o g e t h e r  tha t  meteors and zodiaca l  l i g h t  p a r t i c l e s  are a group of p a r t i c l e s  w i t h i n  
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g e l a t i v e l y  l imi ted  i n t e r v a l s  of the  o r b i t a l  elements (az2-5 A.U. , er0.6-0.9, 

i-0-20 ).- on account of t h e  f i n d i n g s  descr ibed i n  t h e  preceding Sect ion,  s eve ra l  

i n v e s t i g a t o r s  (H.C.van de Hulst ,  1947; H.K. Kallmann, 1955) pos tu la ted  t w o  d i f f e r e n t  

components of t h e  i n t e r p l a n e t a r y  d u s t :  a zodiaoa l  l i g h t  component on c i r c u l a r  o r b i t s ,  

and a meteoric  amponent on o r b i t s  of g rea t e r  e c c e n t r i c i t y .  On the b a s i s  of t h e  com- 

par i son  of t h e  frequenay of t h e  o r b i t a l  elements as oar r i ed  out  here,  t h i s  p o s t u l a t e  

appears  t o  be,  a t  least, over-ref ined:  t h e  d i s t r i b u t i o n  of i n c l i n a t i o n  and t h e  

d i s t r i b u t i o n  of t h e  p e r i h e l i o n  d i s t anoes  are probably similar f o r  l a r g e  and small 

p a r t i o l e s .  An absenoe of l a r g e  p a r t i c l e s  w i t h  small e c c e n t r i c i t y  and lrrrge semi- 

a x i s  near  1 A.U. may be a n  apparent  e f f e c t ,  because t h e s e  p a r t i c l e s  are t o  be 

looked f o r  i n  t h e  weaker meteors, due t o  t h e i r  smaller r e l a t i v e  v e l o o i t y ;  otherwise,  

such a n  absence can be explained e a s i l y  by t h e  l e s s e r  a c t i o n  of t h e  Poynting-Robertson 

effect. 

.0 
c 
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